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The motion of a phase interface is examined in the case of two semi- 
infinite rods of the same material, one in the solid and the other in 
the liquid state. The variation of temperature at the phase interface 
is calculated. 

A so lu t ion  has  been  d e v i s e d  for  d e t e r m i n i n g  the 
p o s i t i o n  of the phase  i n t e r f a c e  for  two s e m i i n f i n i t e  
r ods  of the s a m e  m a t e r i a l ,  one be ing  in a so l id ,  the 
o t h e r  in a l iquid  s t a t e  of a g g r e g a t i o n .  At  t ime  t = 0 
t h e i r  ends  a r e  b rought  t o g e t h e r  a t  the point  x = 0. The 
t e m p e r a t u r e  of the so l id  rod  is a s s u m e d  to be e v e r y -  
w h e r e  l o w e r  than the m e l t i n g  point,  whi le  that  of  the 
l iquid  rod  is h ighe r ,  and it is  a s s u m e d  that  t h e r e  is  
no convec t ion  in the l iquid .  

X 

I l l u s t r a t i o n  of the ca l cu l a t i on  s c h e m e :  1) fus ion 
c u r v e  x = y(t); 2) tangent  x = k~t; 3) b r o k e n  l ine 

a p p r o x i m a t i o n .  

The t e m p e r a t u r e  at  the bounda ry  v a r i e s  a c c o r d i n g  
to s o m e  unknown law, r e f l e c t i n g  the k ine t i c s  of the 
c r y s t a l l i z a t i o n  p r o c e s s ,  and, a s  has  been shown in a 
n u m b e r  of r e c e n t  p a p e r s  [1-3] ,  th is  m a y  have  a ve ry  
s u b s t a n t i a l  in f luence  on the end r e s u l t .  

F o r  the c a s e  of an unchanging t e m p e r a t u r e  f ront  
and cons t an t  t e m p e r a t u r e  at  t ime  z e r o  of the s o l i d  
and l iquid  rods ,  the so lu t ion  has  been g iven  by Schwarz  
[6, 7]. This  method ,  however ,  does  not p e r m i t  c a l -  
cu l a t i on  of the t e m p e r a t u r e  f ie ld  o r  the ve loc i ty  of the 
bounda ry  in the c a s e  of a r b i t r a r y  in i t i a l  cond i t ions  and  
a n o n z e r o  t e m p e r a t u r e  f ron t .  

The p r o b l e m  of hea t  d i s t r i b u t i o n  m a y  be w r i t t e n  in 
the fo l lowing form:  

Ou (i) ~ O~u (1) 
Ot = a/ Ox 2 ( j = l ,  2). (1) 

The bounda ry  condi t ions  a r e  

u r n ( x ,  0) = @ ~  uo when x < 0 ;  

u (2) (x, 0) = ~I, ~) (x) • u o when x >/O; 
(2) 

u t ~  t)=u('~)(y,  t ) = u a ( t )  when t > 0 ;  (3) 

Ou t~  Ou (21 ] dy  

xj ~ x=~tt~ --- x2 - -ST-  ] x=y(o = d--T- ; 
(4) 

dy 
= q~ (T) ,  (5 )  

dt 

or ,  t ak ing  into account  that  u4,(t) = T - 273 ~ C, 

u,  (t) = ,  ~ . (5*) 

Condi t ion (5) r e f l e c t s  the k ine t i c s  of the p r o c e s s  and 
m a y  be w r i t t e n  in c l o s e d  fo rm as  (see [4]) 

c e x p [ _ ~ a 2 / p m K T l n ~ _ ]  " (6 )  q~ (r) = ~ (T) 

We div ide  the fusion c u r v e  y(t) into a n u m b e r  of 
s e c t i o n s  by s t r a i g h t  l ines  p a r a l l e l  to the x ax i s ,  and in 
each  sec t ion  we d r a w  a s t r a i g h t  l ine  a s  an a p p r o x i m a -  
t ion of the c u r v e  (see  f igure) .  In the f i r s t  s ec t i on  this  
wi l l  be the tangent  (curve  2), and in the o t h e r s  it  wi l l  
be  the b r o k e n  l ine  3 o s c i l l a t i n g  about  c u r v e  1. It then 
fol lows f rom (5) that  in sec t ion  tntn+ 1 the t e m p e r a t u r e  
a t  the c r y s t a l l i z a t i o n  f ront  wi l l  be cons tan t ,  though 
va ry ing ,  of c o u r s e ,  a s  we p a s s  to the next  sec t ion .  

T h e r e f o r e ,  to d e t e r m i n e  the t e m p e r a t u r e  f ie ld  in 
each  m e d i u m  a t  the n - th  s t ep  we m u s t  so lve  the p r o b -  
l em of hea t  d i s t r i b u t i o n  in a s e m i - i n f i n i t e  rod  whose  
end m o v e s  a c c o r d i n g  to a l i n e a r  law y = knt  and whose 
t e m p e r a t u r e  is  he ld  cons tan t .  

We wi l l  d e t e r m i n e  the ve loc i ty  k f rom condi t ion  (4), 
which for  the (n + 1)- th  s t ep  wil l  have the fo rm 

Ou(l ) Ou (~) 
1 ~ -"=kd,, - -  • ~ .,.=/.d, ' = k,,+t. (4a) 

We in t roduce  the new v a r i a b l e s  

u(~ (x, t) = u m (x, i ) - - u , ,  

u (x, t ) = u ( ~ ) ( x ,  0 - - % .  
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E q u a t i o n  (1) and  c o n d i t i o n s  (2 ) - (5 )  m a y  be w r i t t e n ,  
r e s p e c t i v e l y ,  in the f o r m  

Ou (s) .~ O:h (n 
at = a; Ox"- ( ] =  1, 2), (1 ' )  

- - (1 ) ,  ( i)  - ( i )  
u Ix, 0 ) = %  ( x ) - - u , i  , = %  (x), 

--(2) --(2) 
u (x, O)=(p'o ~ ) ( x ) - u r  = %  (x), (2 ')  

- - (1)  - ( 2 1  
u (.q(t), t) = u (~(t), t) = o, (3,)  

N " )  (y(O, t) ~ u )  (s~(t), t) ds~ -- (4')* 
O x - -  ~ Ox dt ' 

di-~ = q~* (0) = k, (5 , )  
dt 

~* (~) = o. (62) 

L a t e r  we w i l l  u s e  Gree n * s  m e t h o d ,  the  a p p l i c a -  
t i on  of which  to e q u a t i o n s  of p a r a b o l i c  type  w a s  p r o v e d  
in [8, 91. 

We i n t r o d u c e  the o p e r a t o r s  

aC. a~ 
L (u) ~-- a s ~ - -  -at- = o, 

O~ Ov 
M (v) -~ as ~ + ~ = o. 

Then  

I Y [vL (u) - -  uM (v)] dxdt = 
D 

- ~ O~ 
= f u v d x  + as (v-o-  Z - -  

C 

(7) 

w h e r e  D is  the  r e g i o n  b o u n d ed  by the c h a r a c t e r i s t i c s  
(t = cons t )  and  by  the c u r v e s  r e p r e s e n t i n g  the e q u a t i o n s  
of  m o t i o n  of the  ends  of  the  s e c t i o n  ; C is  the b o u n d a r y  
of  th is  r e g i o n .  

If we a s s u m e  tha t  

and  

v - Oo (s~ (x, t, ~, , )  = 

u = u ( x ,  t) 

1 e x p [  (x--~)'~ ] 
2 1/,~ a~ (t - -  T) 4a~ (t -- T) ' 

then,  t a k i n g  into  a c c o u n t  tha t  one end of the  s e c t i o n  
is r e m o v e d  to in f in i ty ,  w h i l e  a t  the  o t h e r  end  we  have  
c o n d i t i o n  (6') ,  the  b a s i c  i n t e g r a l  f o r m u l a  m a y  be  w r i t -  
ten  in the  f o r m  [5] 

*We no te  tha t  in the  c a s e  of the  r o d  m e l t i n g  t h rough ,  
c o n d i t i o n  (4 ' )  is  w r i t t e n  s o m e w h a t  d i f f e r e n t l y :  

, a u ( 2 '  I , o u ( "  t d y  
_ _  _ _  z I - -  _ , 

z2  Ox I x = N O  Ox ] x = y ( t )  d t  

w h e r e  "z.~* = X l / L p z  , ~,~ = X J L p 2 .  

, ( - - ! ) ] . ~  
-- ( i )  --(,) 

-n Or, n - -  ( - -  I) '  i' O;(") (.r, /, L O) q',, ' (~)<Ig ~ 
c) 

~ - ( -  l) '+'  a~ [ :~. , , ,  I as'"~ ] d~,  

o 

or ,  in the c a s e  of the l iqu id  rod ,  

- - (2)  
u (.r, 0 = t' G; ~2) (.", t, ~, O) ~ (~) d ~ - -  

5 
t 

05(~) 
" (' *(~)- d'c (8) - -  a ~  Go 

,J 
0 

In o r d e r  to s o l v e  the  b o u n d a r y  va lue  p r o b l e m ,  we 
m u s t  e l i m i n a t e  the  t e r m  ~u-(2)/~4. F o r  th i s  p u r p o s e  we 
f i r s t  r e p l a c e  v in (7) by  the f lmc t ion  v 1, 

l exp[  (x,--~)-' ] 
v I-~G~(2)(x, t, ~ , , ) - - -2 l i .~a2. , . ( t__~)  4 a . g ( t - - ~ )  ' 

w h e r e  x 1 is  the a b s c i s s a  of  s o m e  poin t  e x t e r n a l  to the  
r e g i o n  D u n d e r  e x a m i n a t i o n .  Then,  t a k i n g  into a c c o u n t  
o u r  b o u n d a r y  c o n d i t i o n s  for  the l iqu id  rod ,  we m a y  
w r i t e  (7) in the f o r m  

; ^ .  - - (2)  
f (x, t) G[ (2) (x, t, ~, u) ~o (~) d % - -  

0 

t 

- -  - -  dx = O, (9) 
0 

w h e r e  f (x ,  t) is  an a r b i t r a r y  m u l t i p l i e r  w h o s e  f o r m  is 
not  ye t  known.  We s u b t r a c t  (9) f r o m  (8) and  r e q u i r e  
tha t  

Then  

Ce 

�9 --('2) i' G(2)  --(2) u (x, t ) =  (x, t, ~, 0),f0 (~)d~.  (10) 
0 

Thus  

G (2) _ I { 1 exp :, 
2 V r. a~ (t - -  ~c) 4a; (t - -  ~) 

- -  [ (x, t) exp 4a~ (t - -  z) ' (11) 

F rom.  the cond i t i on  G(2)]~=k~ = 0 it fo l lows  tha t  

f (x--~)"- ] = [ ( x , t ) e x p l  (x~--~)  ~ ] 
exp [ 4a~ (t - -  z) 4a~ (t - -  "0 ' 

f r o m  which ,  t a k i n g  l o g a r i t h m s  and a f t e r  s o m e  t r a n s -  
f o r m a t i o n s  we o b t a i n  

2a~(f--~)ln~(x, 0 x+xl 
= x-- x, 2 (L2) 
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Equation (12) is the equation of a s t ra ight  line in the 
coord ina tes  ~ and r .  Compar ing  it with the equation 

= kT of  this line, we can make  them coincide by 
choice  of f (x ,  t) and xl. F r o m  this it follows that at 
the e n d  of  a semi- inf in i te  sect ion moving acco rd ing  
to the law ~ = kr,  the function G(~)(x, t, ~,~') - 0. 

Thus, we obtain 

f(x, t) =~ exp [ k t - ( x  k ] .  
k a~ j (13) 

As x~ we choose  the point with s y m m e t r i c a l  x re la t ive  
to the same  l ine~  = k %  i . e . ,  x a * 2 k t - x .  Hence 
we have the r e q u i r e d  equali ty G(2)[~_-k.r = 0. Then 
(11) is t r a n s f o r m e d  to 

J 

4ag (t -- "0 ag " (14) 

Expres s ion  (14) sa t i s f ies  L(u) * 0 with r e spec t  to the 
var iables  x, t and M(v) with r e spec t  to ~, ~; it may  
read i ly  be seen that it is the Gre e n ' s  function of our  
p rob lem.  

At the n- th  sec t ion for  each of the rods  we have 

~ l ) J . ~  

U~/)(X, t ) =  ( - - I )  ~ ~.U) =U') ~--~ ~--~ (~) d g, 
0 

where  

~L;' (x) -= u~ ~ (x, t.), CA) 

Yn = ~ kiti, Yo = to --~ O. 
i = l  

(B) 

C a r r y i n g  out the appropr i a t e  t r ans fo rma t ions  and 
taking into account  (14) and the r e m a r k s  made  above, 
we obtain the t e m p e r a t u r e  d is t r ibut ion  in the rods at 
each sec t ion  in the fo rm 

,l j= [ ,x  ,]oxp 4o , 
2 1' navt 

[ ( 2 k . t - - x - - ~ )  ~ k~ t - - k . x  ]} 
- -  exp 4a~t "~ a} • 

x [~'Z, (t) - . . . ]  d ~ + . . ,  (15) 

and the values of the der iva t ives  when x = knt a re  

(--1)/,~ 

= . / -  :~ .,,., ~ exp . . . .  4a~t • Ox 2 I, ~ ai z - 
0 

(j) . 

X 1 , p . - , ( ~ _ ~ - - u . , , r l  d~. (16) 

Subst i tut ing (16) into (4) with values t = t n (t n is the 
l imi t ing  value of t ime for  the given step), we de t e rmine  
the veloci ty  kn+ ~ at the (n + 1)-th s tep.  

Time at each Step is reckoned f rom zero,  while 
the coordinate  or igin  is located at the boundary of the 
two media .  This is done pure ly  for  convenience of 
calculat ion,  and of course ,  the e s sence  of the method 
and the final r e su l t  a re  not affected.  The thickness  of 
the solidif ied l aye r  may  eas i ly  be found f rom (B). 

At the f i rs t  s tep we obtain the velocity value f rom 
(5) by subst i tut ing a value of  the t empe ra tu r e  front  
equal to ulr  = q~(1)(O). 

Thus the problem is comple te ly  solved by the me th -  
od desc r ibed .  

Est imate  of convergence .  By replac ing  a sect ion of 
the t rue  curve  by the tangent to it, we depar t  s o m e -  
what f rom the t rue  curve  dur ing t ime At. In ca lcula t ing 
the value of the der iva t ive  at the new point we in t ro-  
duce some  e r r o r  due to the d i f ference  between the 
computed  and the t rue  ord ina tes .  To this e r r o r  is 
added the f resh  e r r o r  f rom subst i tut ing a s t ra igh t  
line, and so on. It is the re fo re  appropr ia te  to con-  
s ide r  the m a t t e r  of convergence  of the p r o c e s s .  

It may  be shown that the l a r g e r  the s lope of the 
line tg | = k (see fig. ), i . e . ,  the fu r the r  it is above 
the t rue  curve,  the s m a l l e r  the s lope of the approx i -  
mat ion  line at the following step, which will thus draw 
c l o s e r  to our  cu rve .  A negat ive e r r o r  is even poss ib le .  
In this case  the point of in te rsec t ion  x = kn_lt and t = 
= in_ 1 (the point a in the f igure) will be below the 
curve  x = y(t), which will entail  an inc rease  of the 
s lope of the next s t ra igh t  line sec t ion at the next stage,  
and the re fo re  draw it c l o s e r  to the fusion curve .  These  
c i r c u m s t a n c e s  follow f rom (4a) if, as k inc reases ,  

the quanti ty 0u0)/OX[x=knt dec rea se s ,  i . e . ,  a / a k [ a u 0 ) /  
/aX]x=knt] < 0, while Ou(~)/~X[x=knt inc reases ,  i . e . ,  
a/ak[Ou'(~)/SX[x=knt] > 0. To prove  this we dif ferent ia te  
(16) with r e spec t  to k, a f t e r  again wri t ing  (5*) in the 
fo rm 

Then 

0 [OU~n~ 
ak--~ L--~--Ix=k~t ] 

• exp [ 

1 + 
2 V-~ a? t"" 

u.,  = ,  (k.). 

0 

1 S kd --~ - -  / -  313, 2 2 t = a~t, 2a~ 

(k.t - -  ~)2 
4a]t ] 

0 

--=c 

(t) 
~n-1 (~1 - -  unr ~ -:r- 

(kot - ~), ] 
4a~t ~,,, (k,,) d ~ = 

4 ]fln a~ t"" X ~ (knt + ~) • 
o 

x exp [ 

~.,, (k~) i ~exp [ (k,/_k~.)". 1 
- -  2 V ~ a~ t:' '~ 4a~t d ~. 

t} 

Both t e r m s  a r e  negat ive:  

t (0 l ~  Un+l ~01  ' 
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Therefore ,  

i)k. 1_ Ox I.~---knt 

2 1/~. a~ t ~'~ ~ 2a?, -exp 
t 

[1 

(k,,l - -  ~l"- "] 
4a~t ] x 

+ U) (k,,)l d ~ + 2 ] f~  a~ t ~'~' ~ 4a:-',t 
0 

a~ 

or, making the substi tut ion 

(k.t - -  ~)/2a.. V [ =  z, 

we obtain 

= (~n ]f~- + 
--krz 1"~12a2 

@ 2aez) z exp [--  z 21 Iq~l  (k.t + 2a., ]f-i-z) + , (k~) 1 dz + 

(k, ] f  i-+ 2a2z) exp [-- z"l dz, 
+ ]f--:~--~ 

-kn Y'f /2a, 
f,2 

f rom which it is eas i ly  seen that 

a -aut-'~ 
Ok~ k ~ ~=knt J >0'  

which was to be proved.  
Since the choice of s tep s ize  with respec t  to t ime 

is a rb i t r a ry ,  the calcula t ion m a y  be c a r r i e d  out with 
any requ i red  degree  of a c c u r a c y .  

NOTATION 

u(J)(x, t)) temperature of rod (in j = 1, 2, 1 refers to the solid 
phase and 2 to the liquid; u0) fusion temperature, ~ y(t)) phase 
interface; &j, p j, cj, L)thermal conductivity,  density, specific heat, 
and heat of fusion of the medium, respectively; a~ = Xj/cjpj; ~j = 
= Xj/Loi;-c) a constant of the given substance; ~(t)) a factor taking 
account of the mobility of molecules of the liquid from which the 
crystalline part is formed; a) specific linear energy at the crysr.al- 
melt  interface; k) Bottzmann constant; m) number of nrolccules 
forming unit surface of the crystal face; To) phase equilibrium temp- 
erature, ~ T) temperature at the boundary, ~ 
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